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Abstract: This article proposes a methodology that allows for optimized adaptation of the terrain surface on steep mountain 
slopes for the implementation of alpine ski tracks. It is a mathematically based stepwise model that generates bands of har-
monic surfaces by studying the best adaptation to the natural terrain, considering and assessing earthwork balances, longitu-
dinal and transverse drainage (stream crossings), allowable slope ranges, and comfort criteria for alpine skiing. Conjugated 
harmonic surfaces have important characteristics that make them attractive for multiple technical applications. This is the 
first time that these surfaces have been applied within a methodological procedure to optimize the diversity of characteristics 
described in the design of alpine ski tracks. A case example at a ski resort in the Spanish Pyrenees will be illustrated in the 
article. 
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1. Introduction 

For several years now, physics-based methodologies have been published to investigate the inertial forces to which skiers 
are subjected along trajectories on ski tracks surfaces. The trajectories measured with a GPS antenna and applying Newton's 
second law, we can estimate the trajectory of the skier's center of mass between two points [1-2]. Other authors propose 
alpine skiing tracking methods based on deep learning and correlation filter [3]. 

To carry out this procedure using a computer application, a module has been created within the SHEE program of the 
University of Zaragoza that has multiple applications, initially of a hydrological type [4-6] and extended to the design of 
dams, optimization of large earthmoving areas, hydrodynamic and groundwater models and other applications. 
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The methodology presented here would link with other harmonic-based techniques for earthwork surfaces that involve 
the application of Fourier analysis principles, spherical harmonics, or harmonic functions to model, analyze, and optimize 
ground surfaces, slope stability, and geophysical data [9-12]. 

2. Background 

2.1. Multiapplication and Multiplatform SHEE Interface 

By combining the functionalities of the SHEE package, it is possible to construct, adjust, analyze, and compare the hy-
drological processes occurring in a watershed. The program, developed at the Department of Earth Sciences at the University 
of Zaragoza, provides fast and high-quality OPENGL graphics in both RASTER and VECTOR formats. The software offers 
numerous applications for managing DEMs and simulating hydrological processes. New coverages can also be obtained by 
combining DEMs and simulated processes. Figure 1 shows a screenshot of the SHEE program interface. 

 

Figure 1: Multiapplication and Multiplatform Interface of the SHEE Software of the University of Zaragoza. 

 

2.2. DEM Management 

DEM management is performed using GDAL (Geospatial Data Abstraction Library), which allows importing and ex-
porting different file formats and creating new coverages from multiple files as global DEMs, e.g., SRTM30 represented in 
the Figure 2.  

The program can combine coverages with different coordinate systems thanks to the USGS PROJ4 library. Thousands 
of astronomical and terrestrial geodetic systems can be represented, transformed, and converted between them. To do this, 
the program can obtain the necessary parameters from the Spatial Reference Organization (SRO) through internet server 
transfer. It is also possible to download information from a remote WMS server. 
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Figure 2. Global DEM displayed in three geodetic projections. 

 

3. Application 

Harmonic equations are real-valued functions that satisfy Laplace's equation ∇²u = 0. For every harmonic equation, 
there exists a conjugate harmonic function. Both functions can form a holomorphic (analytical) function of a complex 
variable. Harmonic functions and their conjugates are fundamental in complex analysis and physics, specifically in the 
study of potential fields. They are also essential in groundwater models for defining the potential field and streamlines, 
respectively. In the case at hand, a terrain surface representing the altimetry can be analytically defined, along with its 
conjugate, which represents the paths of steepest descent of the first function.  

The method we propose has three main stages. The first involves an analysis of terrain slopes and trajectories along 
which a main axis and a maximum amplitude are drawn. 

In the second stage, the digital terrain model of the strip defined in the previous stage is subjected to an iterative 
smoothing filter with a four-neighbor kernel.  

𝑨𝒊,𝒋 = 	
𝑨𝒊$𝟏,𝒋 + 𝑨𝒊&𝟏,𝒋 + 𝑨𝒊,𝒋$𝟏 + 𝑨𝒊,𝒋&𝟏

𝟒 				(𝟏) 

The target solution can optimize several characteristics such as maximum and minimum slopes, minimum earthwork 
volume, and the orientation vector function. Figure 3 shows the layout scheme with a main reference and control axis, the 
trajectory function and its conjugate, the elevation function. 

 

 

Figure 3: Layout scheme with a main axis for reference and control, the trajectory function and the its conjugate, the eleva-
tion function. Note that at all points in the domain, the path lines are perpendicular to the elevation lines (contour lines).  

 

From the generated surface, the smoothed edges of the ski track are analytically defined with their three spatial coordi-
nates. 

In the third stage, a numerical fitting model is applied using the harmonic Laplace equation to the slope boundary con-
ditions defined in the previous surface. 



European Geologist, issue 60, 5th IPGC Special Edition 1 4 of 5 
 

 

This harmonic function represents the geometry of the skiable surface, while a conjugated harmonic function analyti-
cally linked to the previous one describes the trajectories of maximum slope. 

The harmonic function Elevation (H) and its harmonic conjugate, the Trajectory function (T) are defined in Equations 2 
and 3. 

	𝜵𝟐𝐇 = 	 𝝏
𝟐𝑯
𝝏𝒙𝟐

+ 𝝏𝟐𝑯
𝝏𝒚𝟐

= 𝟎									(𝟐)  

 𝜵𝟐𝐓 = 	 𝝏
𝟐𝑻
𝝏𝒙𝟐

+ 𝝏𝟐𝑻
𝝏𝒚𝟐

= 𝟎										(𝟑)	 

In an optional fourth stage for the final layout, the mass balance can be optimized according to environmental require-
ments, material quality, and other constraints external to the model. 

Figure 4a shows the coverage of excavation depths (orange) and backfill depths (blue) across the entire earthworks 
area. Figure 4b shows the slope coverage of the ski track surface, which is very useful for identifying the difficulty level of 
each stretch. 

 

Figure 4: Basibe Ski Track showing (a) the earthmoving area and (b) the slope distribution in the ski domain. Note that on 
turns, the slope on the inside is always steeper than on the outside due to the difference in distance between the two sections. 

 

4. Conclusions and Outlook 

The SHEE package, initially conceived to study hydrological processes using digital terrain models, allows database 
management from multiple perspectives, but always based on digital terrain models (DTM o DEM). Thus, the application of 
this package allows the Surface Design to which specific conditions can be applied. In the case presented of ski tracks, it has 
allowed the generation of a smoothed mesh of the existing terrain model, and on it, the design of surfaces fitted to harmonic 
functions and their conjugate harmonic functions that represent trajectories with infinitesimal parallelism that follow the 
maximum slope and are perpendicular to the elevation gradient. 

Among the method's limitations is the resolution of the digital terrain model, although this limitation is inherent to all 
methodologies. Terrain complexity is another limitation that may sometimes require the introduction of specific definitions, 
which can be implemented as boundary conditions. An example of this would be the passage of a ski slope under a chairlift. 

As a future perspective, radial basis functions (RBFs) can be applied with the general equation for grid nodes j and n i 
weights and neurons: 
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𝐲	1𝒙𝒋3 = 		4𝒘𝒊	∅17𝒙𝒋 − 𝒄𝒊73
𝒏

𝒊/𝟏

			𝐟𝐨𝐫	𝐣 = 𝟏,… , 𝐧					(𝟒) 

These functions allow to apply specific conditions at strategic nodes of the grid and of varied typologies (e.g., excava-
tion/backfill depth, maximum or minimum slope, concavity and convexity, the latter being very interesting for surface and 
platform drainage, as well as combinations of inertial, gravitational, and skier acceleration forces). 

These functions are precursors, or a specific class, of artificial intelligence (AI) models that are currently very promising, 
especially because they allow for the interaction of very different types of data. 
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