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Utilization of deep geothermal sources 
requires sufficient

• heat

• fluid

• permeability

Resource types

• conventional hydrothermal

• enhanced geothermal systems

• superheated / supercritical

Geothermal systems
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• Natural fractures already exist 

• Large difference between maximum and minimum horizontal stress

• Prior stable situation due to friction between fracture surfaces 

• Injection of fluid at elevated pressures results in slip and dilation

Inject water

Decrease frictional 

resistance

The relative displacement of the 

fracture’s surfaces with slip 

results in dilation of the fracture

Enhanced geothermal systems

- Hydraulic stimulation by shear dilation



Hydraulic stimulation measurements in lab and field
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Lee and Cho, Rock Mech Rock Engng, 2002

Lab-measurements of fracture perme-

ability under shear and normal load

Guglielmi, Cappa, Avouac, Henry, Elsworth, Science, 2015

Measurement of fault slip and permeability enhancement induced by 

fluid injection into a natural fault



2006 Basel EGS Hydraulic Stimulation 

Figure source: Mukuhira et al., J. Geophys Res Solid Earth, 2017 

ML=3.4

Induced Seismicity

• In hydraulic stimulation, seismicity is 

deliberately induced

• Generally ML< 3.0 (micro earthquake)

• Larger earthquakes must be avoided



Mathematical modeling
– coupled processes
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Fluid Flow

Fracture 
Deformation

Rock-
mechanical
deformation

Ucar, Berre, Keilegavlen (Geophys Res Lett, 2017)



Structure

Credits: Stavanger Aftenblad

Credits: A. Gohr

different scales – complex structure



Mathematical modeling
- representation of fractures

UNIVERSITY OF BERGEN

B, Keilegavlen & Doster, Transport in Porous Media, 2018



Modeling - Flow
Fluid Flow  (Matrix and 

Fractures)

Fracture Deformation 
(Permeability Increase)

Stress Alteration of 
Rock (Rock Response)

Assumptions: single-phase, weakly compressible fluid

Conservation of Mass

𝜙c
𝜕𝑝

𝜕𝑡
+ ∇ ∙ 𝐰 = 𝑞, 𝐱 ∈ Ωm ∈ 𝑅3

𝜙𝑓c
𝜕𝑝

𝜕𝑡
+ ∇‖ ∙ 𝐰f

‖
= 𝑞𝑓 +

1

𝑑n
(𝑤Γ+

⊥ +𝑤Γ−
⊥ ), 𝐱 ∈ Ωf ∈ 𝑅

2

Darcy velocity

𝐰 = −
𝐊

𝜇
∇𝑝, 𝐱 ∈ Ωm ∈ 𝑅3

𝐰f
‖
= −

𝐊f
‖

𝜇
∇‖p, 𝐱 ∈ Ωf ∈ 𝑅

2

Cubic law

𝐾𝑓 =
𝑒2

12
.

Numerical approach

• Fractures are treated as co-dimension one 

• Cell-centered finite-volume method (two-point flux approximation).

Ωm

Ωf

Stefansson, B and Keilegavlen. Transport in Porous Media, 2018

Flemisch, B, Boon, Fumagalli, Schwenck, Scotti, Stefansson & Tatomir. Adv Water Res, 2018



Fracture deformation
Fluid Flow  (Matrix and 

Fractures)

Fracture Deformation 
(Permeability Increase)

Stress Alteration of 
Rock (Rock Response)

Static/dynamic friction model 

Mohr–Coloumb criterion

𝛕 < 𝜇𝑠 𝜎n − 𝑝 → 𝑑𝑠 = 0
𝑥 ∈ Γ𝑓\Γ𝑠

𝛕 = 𝜇𝑑 𝜎n − 𝑝 → 𝑑𝑠 = 𝛼𝛕, 𝛼 > 0
𝑥 ∈ Γ𝑠

𝜇𝑑 < 𝜇𝑠

σ

2

σ1
σn

τ
β

Pressure increase

σ2-p σ1-p

|τ|

σn-p2β

Slip triggered



Fracture deformation
Fluid Flow  (Matrix and 

Fractures)

Fracture Deformation 
(Permeability Increase)

Stress Alteration of 
Rock (Rock Response)

Dilation:

𝑑n = 𝐸0 − 𝐸e + 𝐸s

𝐸s = 𝑑𝑠 tan𝜑dil,

Fracture displacement: 

𝐮− − 𝐮+ = 𝑑n𝐧+ + 𝑑s𝜻+

Approximated shear displacement (excess shear 

stress approximation):

𝑑𝑠 =
𝛕 −𝜇𝑑 𝜎n−𝑝

𝐾𝑠

Reversible normal deformation (Barton-Bandis):

𝐸𝑒=
− 𝜎𝑛 − 𝑝

𝐾𝑛 +
𝜎𝑛 − 𝑝
𝐸max

Shear displacement Initial Aperture

Dilation

Hydraulic aperture

𝑒 =
𝑑n

2

𝐽𝑅𝐶2.5



Stress response of matrix due to 

fracture deformation

Assumptions: quasi-static problem, isotropic medium 

Conservation of Momentum:

∇ ∙ 𝛔 = 𝟎,

Hooke’s law

𝛔 = 2𝐺𝛆 + 𝜆 tr 𝛆 𝐈, 

𝛆 =
∇𝐮+ ∇𝐮𝑇

2
,

Fracture deformations as conditions on internal boundaries

Numerical Approach

Cell-centered finite-volume method (MPSA) for fractured media 

Ucar, Keilegavlen, B, Nordbotten, Comput Geosci, 2018

Fluid Flow  (Matrix and 
Fractures)

Fracture Deformation 
(Permeability Increase)

Stress Alteration of 
Rock (Rock Response)



Hydro-mechanical coupling Fluid Flow  (Matrix and 
Fractures)

Fracture Deformation 
(Permeability Increase)

Stress Alteration of 
Rock (Rock Response)

First stage: balance between fluid 

flow, reversible fracture deformation, 

stress response of the matrix

Second stage: capturing of the 

irreversible fracture deformation and 

stress response of the matrix

Ucar, B,  Keilegavlen, J Geophys Res Solid Earth, 2018



Hydraulic stimulation results Fluid Flow  (Matrix and 
Fractures)

Fracture Deformation 
(Permeability Increase)

Stress Alteration of 
Rock (Rock Response)

Fracture network with 20 fractures 

in a porous medium domain. 

Ucar, B, Keilegavlen, J Geophys Res Solid Earth, 2018
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Matrix permeability 2e-19 m2 Matrix permeability 4e-19 m2

Results: effect of background permeability

Permeability change and induced seismicity after 1 day of stimulation.

Ucar, B, and Keilegavlen, J Geophys Res Solid Earth, 2018



Postinjection seismicity due to reversible 

normal deformation of fractures

Ucar, B, Keilegavlen, Geophys Res Lett, 2017
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• A numerical approach for simulation of shear stimulation of a complex 

fracture network in a 3d domain

– DFM model; fluid flow in both fractures and matrix

• Factors that influence seismicity are studied

‒ leakage into the rock matrix reduce seismicity

‒ fracture closure is identified as a mechanism for postinjection

seismicity

Summary – modeling of hydraulic stimulation 

Main references

Ucar, B, Keilegavlen, Geophys Res Lett, 2017

Ucar, B, Keilegavlen, J Geophys Res Solid Earth, 2018



Recent improvements in modeling friction and 

contact mechanics

Berge, B., Keilegavlen, Nordbotten, Wohlmuth, arXiv:1904.11916 [math.NA], 2019

x-component of displacement

Shear test results
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Dimensionless time

3-D example

• bottom boundary: fixed, 

• vertical boundaries: rolling, 

• top boundary: Neumann load

3D and poroelastic effects

Berge, B., Keilegavlen, Nordbotten, Wohlmuth, arXiv:1904.11916 [math.NA], 2019

Including fully coupled poroelasticity
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Ongoing work: mixed-mechanism stimulation

∇ ⋅ 𝛔 + 𝐛 = 0 inΩ
𝛔 = 𝐂: 𝛆 inΩ

𝛆 =
1

2
∇𝐮 + ∇𝐮T inΩ

𝐮 = ǉ𝐮 onΓ𝐮 DirichletBC

𝛔 ⋅ 𝐧 = ǉ𝐭 onΓ𝐭 NeumannBC
𝐭 = 0 onΓ𝑐 Crackcondition

n


u


t

c

t

u

2Ω R

b

Soghrati, Nagarajan. Comput. Mech, 2016
Quarter point elements around crack tip New mesh

Crack tip: collapsed quarter point singular elements / Adaptive remeshing
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Wing-crack propagation results 

Ingraffea and Heuze, Int. J. Numer. Anal. Methods Geomech.,1980
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Hau, B and Keilegavlen, submitted European Geothermal Congress, 2019
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Wing-crack propagation results 

Hau, B and Keilegavlen, submitted European Geothermal Congress, 2019
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What’s next?

Further model and investigate
effects of

• poroelasticity (Biot)

and then..

• thermoelasticity

Example

• Fractures induced by thermal
shock (Fig.)

UNIVERSITY OF BERGEN

Stefansson, B, Keilegavlen, Paluszny. Unpublished, 2019
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Fracture criteria

Governing equations

c
e

b
d



Γ𝑐

1. Maximum tangential stress: MTS

2. Minimum strain energy density: MSE

3. Maximum potential energy release rate: ERR

4. Maximum dilatational strain energy density: T-cr

5. Maximum stress triaxiality: M-cr

6. Minimum distance from the crack tip to the core 

region boundary: R-cr

7. …

( ) ( ), , 0 vs , , 0I II I IIf K K g K K = 

KI, KII are the stress intensity factors

( )

( )

8( )2 1

8( )3(1 )(1 ) 2

b d c eI

b d c eII

v v v vK E

u u u uK v k l

     − − −  
=   

   − − −+ +   

( ), , ,eq I II ICK K K l K Collapsed quarter point 

singular elements - CQPE
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Laplacian smoothing 
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Adaptive Remeshing

Discretization

Refine vs Remesh

processes 

H. Dang-Trung. “Numerical investigation of fracture propagation due to slip”. Oslo. 8th January 2019 
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Process sequences of crack propagation simulation

Advance the 

propagated 

cracks

Any crack tip 

lies outside 

of domain

- Update geometry 

databases

- Update mesh

No Yes

Start

Increasing 

load

FE model

Crack info.

Create CQPE 

around each 

crack tip

Estimate 

error
error < aim

error?

Smooth mesh
Calculate 

mesh density
Re-meshing

N

o

( )

- Calculate 𝜃
- Calculate Keq

For all cracks

Keq ≥ KIC

Yes

No

End

Yes

H. Dang-Trung. “Numerical investigation of fracture propagation due to slip”. Oslo. 8th January 2019 
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FEM

Discretization

1
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Discretizing domain Ω into m finite elements that 

non-overlapping and conform to the crack 

geometry

The displacement field is linearly

approximated via displaced values at the three

vertices

The discretized system

( )h = Ku F

Improving the computational efficiency and accuracy of FEM → ARM

H. Dang-Trung. “Numerical investigation of fracture propagation due to slip”. Oslo. 8th January 2019 
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Adaptive Remeshing

Discretization

1. Posteriori error → Elements need to refine

2. Edge-split operator based on subdivision the longest edge into two new 

other edges 

Ω 

a) b) c) d)

Ω Ω Ω Ω Ω 

3. Remesh around each crack tip

H. Dang-Trung. “Numerical investigation of fracture propagation due to slip”. Oslo. 8th January 2019 
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Adaptive Remeshing

Discretization

Quarter point elements around crack 

tip
New mesh

Delete domain around the tip

3. Remesh around each crack tip

H. Dang-Trung. “Numerical investigation of fracture propagation due to slip”. Oslo. 8th January 2019 



Playing the scales - How to 

upscale to a continuum scale?
• Homogenization

• Effective medium theory

• Numerical upscaling

• Data on upscaled parameters

Bringedal, B, Pop & Radu, 2016a

Bringedal, B, Pop & Radu, 2016b

Sævik, B, Jakobsen & Lien, 2013



Network based on field data
UNIVERSITY OF BERGEN

Solution along line x=625 mSolution along line y=0.7



Stress response of matrix due to fracture deformation

Assumptions: quasi-static problem, isotropic medium 

• Conservation of Momentum:

• Hooke’s law

• Fracture deformation vector:

• Fracture deformations conditions on internal boundaries

Fluid Flow  (Matrix and 
Fractures)

Fracture Deformation 
(Permeability Increase)

Stress Alteration of 
Rock (Rock Response)

Numerical Approach

Cell-centered finite-volume method (MPSA) for fractured media 

Ucar, Keilegavlen, Berre, Nordbotten, Comput Geosci, 2018



PorePy

UNIVERSITY OF BERGEN

github.com/pmgbergen/porepy

Keilegavlen, Fumagalli, Berge, Stefansson, B. “PorePy: An Open-Source Simulation Tool for 

Flow and Transport in Deformable Fractured Rocks”, arXiv, 2017
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